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We consider models of scalar dark matter with a generic interaction potential and non-canonical
kinetic terms of the K-essence type that are subleading with respect to the canonical term. We
analyze the low-energy regime and derive, in the nonrelativistic limit, the effective equations of
motions. In the fluid approximation they reduce to the conservation of matter and to the Euler
equation for the velocity field. We focus on the case where the scalar field mass 10−21 ≪ m .
10−4 eV is much larger than for fuzzy dark matter, so that the quantum pressure is negligible on
cosmological and galactic scales, while the self-interaction potential and non-canonical kinetic terms
generate a significant repulsive pressure. At the level of cosmological perturbations, this provides a
dark-matter density-dependent speed of sound. At the nonlinear level, the hydrostatic equilibrium
obtained by balancing the gravitational and scalar interactions imply that virialized structures have
a solitonic core of finite size depending on the speed of sound of the dark matter fluid. For the
most relevant potential in λ4φ
4/4 or K-essence with a (∂φ)4 interaction, the size of such stable cores
cannot exceed 60 kpc. Structures with a density contrast larger than 106 can be accommodated with
a speed of sound cs . 10
−6. We also consider the case of a cosine self-interaction, as an example
of bounded nonpolynomial self-interaction. This gives similar results in low-mass and low-density
halos whereas solitonic cores are shown to be absent in massive halos.
PACS numbers:
I. INTRODUCTION
Astrophysical observations have collected a large
amount of data over the past decades. They have al-
lowed cosmologists to constrain with relatively good ac-
curacy cosmological scenarios and led to the Λ-CDM
model. This standard model of cosmology is based on
the presence of a cold dark matter (CDM) component
whose origin is largely unknown. More often than not, it
is assumed that nonrelativistic collisionless particles form
CDM and only interact gravitationally with the other
components of the standard model of particle physics.
However, there remains a long-standing debate about the
nature of dark matter (DM) and its behavior on small
scales. Indeed, there are tensions between the predic-
tions of the standard CDM model and observations on
galactic and subgalactic levels [1–3]. These discrepancies
have been known as the “too big to fail” [4], “missing
satellites” [5] and “core-cusp” problems [6]. The solu-
tion to these problems may come from baryonic effects,
or from specific deviations of DM with respect to the
pure CDM paradigm on small scales. Given the incom-
pleteness of present galactic observations, it seems worth
studying new possibilities associated to new theoretical
models.
One of these alternative DM models is based on co-
herent ultralight particles with a de Broglie wavelength
of the order of astrophysical scales [7]. This type of co-
herent DM is associated with rapidly oscillating fields.
Indeed, massive scalars [8–10] or vector fields [11–13] not
only behave as CDM at the background level, but also
at the perturbation level [10, 14–18] for distances larger
than the associated Jeans scale. However, for shorter dis-
tances, the matter power spectrum is characterized by a
cutoff [16]. It has also been shown that the formation of
cusps can be avoided for masses of order m ∼ 10−22 eV
[19].
A well-motivated DM candidate associated to such co-
herent fields is the axion. Originally, it was found in re-
lation to the solutions of the strong CP problem of QCD
[20–22]. However, these types of fields are ubiquitous in
different beyond-standard-model scenarios, as the ones
motivated by string theory [23, 24]. These Axion-Like-
Particles (ALPs) may have a very large range of masses
and present a rich phenomenology [25–35]. In particu-
lar, dark matter cores observed in several structures, like
galaxies or star clusters, could be explained by axion-like
particles of different masses [36].
In this work, we study the impact of anharmonic cor-
rections to this type of coherent DM. Attractive quartic
self-interactions have been studied in [37–39], and the
repulsive case in [40–45]. This yields an additional effec-
tive pressure which alleviates the “core-cusp” problem
[46] and it could be the origin of vortices in galaxies [47].
This deviation from the pure CDM behavior can be used
to constrain the parameter space of the model with CMB
and large-scale structure (LSS) data [48]. The impact on
the propagation of gravitational waves has been consid-
2ered in [49] and on the inflationary gravitational wave
background in [50]. Particle-physics models of such sce-
narios have been constructed in [46].
In this paper, we consider models where the scalar
potential and the non-canonical kinetic terms can be
generic. We are, for instance, interested in models with
a Lagrangian
L = X + ǫX
2
Λ4
− m
2
2
φ2 (1)
where X = − (∂φ)22 and ǫ = ±1. When the term in X2
is absent and the mass is larger than the Hubble rate
at matter-radiation equality, this describes the simplest
model of scalar DM. The effects of the new interaction in
X2 will be analyzed in this paper. They can be summa-
rized as follows. At low energy and in the nonrelativistic
limit, this model behaves like a DM model with an inter-
action potential term λ4φ
4 with λ4 = −ǫm4/Λ4, which
is repulsive for ǫ = −1 and attractive when ǫ = 1. This
model is valid up to matter-radiation equality as long as
Λ & 1 eV, which plays the role of the UV cutoff. The
bound on λ4 from the collisionless nature of dark matter
in the bullet cluster implies λ4 ≪ 1. Interestingly, this
is naturally achieved in these models as the DM mass m
must be much lower than the cutoff scale Λ. Moreover,
the shift symmetry φ → φ + c, which is softly broken
by the mass term, is restored when the mass vanishes.
As a result, a small mass m is technically natural a` la ’t
Hooft as the shift symmetry protects such a small mass
from quantum corrections. We will also consider models
with a general K-essence term, and a generic potential,
and show that they are equivalent as DM models in the
nonrelativistic limits. The K-essence models of DM like
(1) seem to be more motivated from the particle physics
point of view as they could result from the physics of
pseudo-Goldstone models.
In this general setting, we show that the nonrelativis-
tic limit of the scalar models can be described by a fluid
where, on top of the well-known quantum pressure, a
new potential term arises in the Euler equation. It char-
acterizes both the self-interactions of the scalar field and
the non-canonical kinetic terms (when the latter are sub-
leading with respect to the canonical term). We focus on
models with a scalar field mass 10−21 ≪ m . 10−4 eV
that is much larger than for the well-studied fuzzy dark
matter scenario, so that the quantum pressure is neg-
ligible on cosmological and galactic scales, while the
self-interaction potential and non-canonical kinetic terms
generate a significant repulsive pressure. At the pertur-
bative level, this leads to a speed of sound of matter
perturbations that becomes density dependent. At the
nonlinear level and when the self-interactions are repul-
sive, we find that solitonic-like solutions of the hydro-
static equilibrium could describe the core of virialized
objects. For the particular case of a φ4 or (∂φ)4 inter-
actions, these structures cannot exceed 60 kpc. We also
discuss the case of a cosine self-interaction, as an exam-
ple of a bounded self-interaction potential with physical
consequences which differ largely from the polynomial
models.
The paper is arranged as follows. In section II, we
describe the behavior of a generic model of scalar DM
with generic subleading potentials and kinetic terms be-
yond the leading quadratic terms. We will call these
models the Landau-Ginzburg models of DM as they pos-
sess generic potential and kinetic terms. We derive the
resummed effective potentials that appear in the nonrel-
ativistic limit. In section III, we analyze how this model
reproduces the features of DM at the background level.
In section IV, we study the cosmological perturbations
in the subhorizon regime and the quasistatic approxima-
tion. We obtain the speed of sound for these Landau-
Ginzburg models, focusing on the case of masses greater
than for fuzzy dark matter, where the quantum pressure
is negligible. In section V, we investigate the small-scale
dynamics and the presence of solitonic cores in hydro-
static equilibrium. We also consider the stability of the
resulting solitonic cores. In section VI, we match these
cores to an outside NFW (Navarro-Frenk-White) profile
and study the impact on cosmological halos. We then
conclude in section VII.
II. NONRELATIVISTIC LANDAU-GINZBURG
MODELS
A. Scalar field dark matter
In this section, we recall how scalar fields can play
the role of pressureless dark matter. Let us consider the
scalar-field action
Sφ =
∫
d4x
√−g [K(X)− V (φ)] , (2)
where X = − 12gµν∂µφ∂νφ is the standard kinetic term
and V (φ) the potential. If K(X) is nonlinear the scalar-
field Lagrangian shows a nonstandard kinetic term. This
type of models could be the effective result at low energy
of more fundamental theories. In particular the higher
order interactions, whether polynomials or derivatives,
could originate from integrating out massive field and
keeping only φ as the only relevant degree of freedom at
low energy in the DM sector.
Let us focus on power-law cases,
K(X) =
K⋆
p
Xp, V (φ) =
V⋆
n
φn, (3)
with K⋆ > 0, V⋆ > 0, and n even. Then, from the scalar-
field energy-momentum tensor we can read the scalar-
field background density and pressure,
ρφ =
(2p− 1)K⋆
p
(
φ˙2
2
)p
+
V⋆
n
φn, (4)
pφ =
K⋆
p
(
φ˙2
2
)p
− V⋆
n
φn. (5)
3In the limit of fast oscillations in the potential well, we
can neglect the Hubble expansion and the equation of
motion of the background scalar field reads
(2p− 1)K⋆
(
φ˙2
2
)p−1
φ¨+ V⋆φ
n−1 = 0. (6)
Multiplying by φ˙, we obtain as a first integral of motion
that ρφ is constant. If p > 1 or n > 2 the oscillations are
not harmonic and can be integrated as
dt = dφ
[
2pp
(2p− 1)K⋆
(
ρφ − V⋆
n
φn
)]−1/(2p)
. (7)
On the other hand, defining 〈. . . 〉 as the average over one
oscillation period, we have
〈 d
dt
(
φφ˙2p−1
)
〉 = 0, (8)
and hence
〈φ˙2p〉 = −(2p− 1)〈φφ˙2p−2φ¨〉. (9)
Combining with the equation of motion (6), we obtain
〈φ˙2p〉 = V⋆
K⋆
2p−1〈φn〉. (10)
This yields for the averaged density and pressure
〈ρφ〉 =
(
2p− 1
2p
+
1
n
)
V⋆〈φn〉, (11)
〈pφ〉 =
(
1
2p
− 1
n
)
V⋆〈φn〉, (12)
which gives the averaged equation of state parameter
w =
〈pφ〉
〈ρφ〉 =
n− 2p
n(2p− 1) + 2p . (13)
Thus, the scalar field behaves as pressureless cold dark
matter if n = 2p,
w = 0 if n = 2p. (14)
This includes in particular the standard case of the mas-
sive free scalar field, with p = 1 and n = 2, with a stan-
dard kinetic term and a quadratic potential. In this pa-
per, we shall focus on this standard harmonic case, with
subleading higher-order corrections to both the kinetic
and potential terms. We require that these anharmonic
corrections are sufficiently small for the scalar field to
behave as pressureless cold dark matter at the level of
the cosmological background, through the whole matter
era. However, they could play a significant role on small
galactic scale and give rise to an effective pressure that
could support galactic dark matter halos against Newto-
nian gravity.
According to Eq.(14), it should be possible to general-
ize this scenario to strongly nonlinear models, with p > 1
and n = 2p. However, we do not investigate this case
further in this paper.
B. The Landau-Ginzburg models
1. Scalar-field action
We are interested in an effective model of scalar dark
matter valid below a cutoff energy scale Λ. The theory
describing the Universe beyond this energy scale is left
unspecified. As an effective theory, we only assume that
the action is local and described by an interaction poten-
tial VI for a particle of mass m and that it only involves
first derivatives of the scalar fields. In general, higher-
order Lagrangians lead to ghostlike behaviors, although
as Horndeski shows, their functional forms can be tuned
in order to avoid such problems. We do not assume this
here, and simply consider that all the higher derivative
terms correspond to the propagation of extra degrees of
freedom with a mass larger or equal to the cutoff Λ. As
a result, their effects can be neglected at energies below
Λ. Thus, we consider the scalar model of a light parti-
cle of mass m subject to self-interactions, defined by the
Lagrangian
Lφ = X +KI(X)− m
2
2
φ2 − VI(φ), (15)
where X = − 12gµν∂µφ∂νφ is the standard kinetic term,
VI the self-interaction potential
VI(φ) = Λ
4
∑
p≥3
λp
p
φp
Λp
, (16)
and KI the nonstandard kinetic term,
KI(X) = Λ
4
∑
n≥2
kn
n
Xn
Λ4n
. (17)
We assume that this corresponds to an effective theory,
on scales larger than a cutoff Λ−1, which can be taken
for instance from a fraction of millimeters to a few kpc’s,
or to a fully nonlinear theory defined by the resummed
potential VI and kinetic term KI, which can be nonpoly-
nomial.
The total action of the system is
S = SEH + Sφ + Sm, (18)
where SEH is the Einstein-Hilbert action of General Rela-
tivity, Sφ =
∫
d4x
√−gLφ the scalar field action, and Sm
the action of the standard model particles (baryons, pho-
tons) and possible dark energy components. In this work
we work in the Newtonian gauge, around the Friedmann-
Lemaitre-Robertson-Walker (FLRW) background,
ds2 = −(1 + 2Φ)dt2 + a2(t)(1 − 2Ψ)d~x 2, (19)
where a(t) is the cosmological scale factor, ~x the comov-
ing spatial coordinate, and Φ and Ψ the Newtonian met-
ric potentials.
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FIG. 1: Range of interest in the plane (m,λ4). The left and
upper exclusion regions correspond to Eqs.(24), (26) and (27).
The diagonal lines labeled “20 kpc” and “1 kpc” correspond
to Eq.(29), with ra = 20 kpc and ra = 1kpc.
2. Small-amplitude nonlinear corrections
As we have seen in section IIA, when the potential is
very close to harmonic and the kinetic terms are close to
canonical, the scalar field φ can play the role of the dark
matter. Indeed, in the regime where it oscillates very fast
as compared with the Hubble expansion rate, the har-
monic oscillator shows equipartition between the kinetic
and potential energy and the averaged pressure is zero,
〈pφ〉 = 0. Then, the scalar field behaves as pressureless
cold dark matter. This balance is modified by anhar-
monic corrections, which give rise to a nonzero pressure.
Therefore, we require that the self-interaction potential
and the higher-order kinetic terms be small, from the
matter-radiation equality until now,
VI ≪ m
2
2
φ2, KI ≪ X. (20)
This typically corresponds to cases where the Lagrangian
receives contributions from different terms arising from
a more complete theory. For instance, let us consider
a potential that can be written as the sum V (φ) =
M41V1(φ/Λ1) +M
4
2V2(φ/Λ2), with Λ1 ≫ Λ2 and M1 ≫
M2. Then, if (Λ2/Λ1)
3/4 ≪ M2/M1 ≪ (Λ2/Λ1)1/2, the
first potential gives a leading contribution that can be ap-
proximated by its quadratic term while the second poten-
tial gives a subleading contribution that enters its non-
linear regime before the cubic term M41 (φ/Λ1)
3 from V1
becomes relevant. This gives for instance a total poten-
tial that is parabolic at zeroth order but shows smaller-
amplitude and higher-frequency structures on top of this
mean parabola. The other natural setting is to have VI
and KI be the first-order corrections to the free massive
scalar field, in which case we expect VI and KI to be gov-
erned by the first terms φ4 and X2 in this perturbative
regime.
To be more explicit, we now describe the range of pa-
rameters (m,λ4) that we consider in this paper, neglect-
ing at this stage higher-order corrections, i.e. we focus
first on the φ4 theory with canonical kinetic terms. As
we will see shortly, this also corresponds to the quartic
K-essence model (1), which can be obtained as a pseudo-
Goldstone model of DM. This is shown by the non-shaded
region in Fig. 1. First, the condition of fast oscillations
from the matter-radiation equality implies
m≫ Heq ∼ 10−28 eV, (21)
where Heq is the Hubble expansion rate at the matter-
radiation equality. In this paper, we focus on scenarios
where m is also much greater than cosmological wave
numbers k/a, down to distances of the order of the kpc,
k
am
≪ 1, with 1
m
= 6.4× 10−27
( m
1 eV
)−1
kpc. (22)
This corresponds to masses much greater than 10−27eV,
m≫ 10−27 eV. (23)
Masses of order 10−22 eV correspond to the Fuzzy Dark
Matter scenario, where the so-called quantum pressure
associated with interference patterns of the scalar field
can balance gravity on galactic scales. This may cure
some of the small-scale problems of the standard cold
dark matter scenario, but also faces severe constraints
from Lyman-α forest statistics. The impact of small at-
tractive self-interactions in such scenarios has been inves-
tigated in [39]. In this paper, we instead focus on more
massive scalar fields with repulsive self-interactions that
may balance gravity on galactic scales. Thus, we con-
sider larger masses, where the quantum pressure is negli-
gible from cosmological to galactic scales. As recalled in
Eq.(127) below, this corresponds to
negligible quantum pressure: m≫ 10−21 eV. (24)
This lower bound is shown by the vertical shaded area
on the left part of Fig. 1.
Taking into account the quartic interaction only, the
cross section per unit mass is [39, 51]
σ
m
=
9λ24
8πm3
∼ λ24
( m
1 eV
)−3
1023 cm2/g. (25)
On the other hand, observations of the merging of clus-
ters provide the upper bound σ/m . 1 cm2/g on self-
interacting dark matter [52]. This gives
λ4 . 10
−12
( m
1 eV
)3/2
. (26)
From Eq.(15) we have at leading order ρ ∼ m2φ2 and
VI ∼ λ4φ4. As φ decreases with cosmic time, along with
the scalar-field dark matter density ρ ∼ m2φ2, the con-
straint VI . ρ from the matter-radiation equality until
now is set by the condition at zeq and it implies
VI . ρ for z ≤ zeq : λ4 .
( m
1 eV
)4
. (27)
5The upper boundaries (26) and (27) are shown by the two
upper shaded areas in Fig. 1. They cross atm ∼ 10−5 eV.
Finally, as we shall see below in Eqs.(132) and (151),
the repulsive self-interaction gives rise to a characteristic
length ra, which corresponds to both the Jeans length,
beyond which gravitational instability amplifies primor-
dial density fluctuations, and to the scale of solitonic
cores in collapsed halos. It also reads as [40, 53]
ra =
√
3λ4
2
MPl
m2
, (28)
which gives
λ4 =
(
ra
20 kpc
)2 ( m
1 eV
)4
. (29)
This is shown for ra = 20 kpc and 1 kpc by the diagonal
solid and dashed lines in Fig. 1. The line ra = 20 kpc
coincides with the upper boundary (27). Because we re-
quire galaxies and Lyman-α clouds to form by gravita-
tional instability, as in the standard CDM scenario, we
have the upper bound ra . 20 kpc. This gives the same
upper bound as in Eq.(27). This coincidence means that
there is some tension [40, 54] between the wish to have a
large radius ra that can play a role on galactic scales and
the constraints derived from the cosmological background
(the scalar field density must be small during the radia-
tion era, especially at the BBN, and it must behave like
pressureless dark matter up to high redshifts). However,
this tension can be relaxed if the scalar-field potential is
not quartic up to high energies. In particular, a bounded
potential such as the cosine model we study in this pa-
per ensures that we recover the standard cosmological
background to a high accuracy at high redshifts.
One may also derive constraints on scalar-field dark
matter models from the BBN [41], by requiring that
the Hubble expansion rate does not deviate too much
from the standard cosmology. Indeed, let us recall that
the behavior of scalar field dark matter typically shows
three phases [41]. Looking backward in time, we have
seen that, at least up to zeq, we require m ≫ H and
VI ≪ m2φ2, so that the scalar field behaves as pres-
sureless dark matter, w = 0. At earlier times, we still
have m ≫ H but the self-interactions may become im-
portant. Then, for the quartic model Eq.(13), this gives
w = 1/3 and the scalar field behaves like radiation, but
with a negligible relative density because ρφ ≪ ργ as this
transition occurs at a higher redshift than zeq. At even
earlier times, the Hubble expansion rate becomes greater
than the oscillation frequency. This corresponds to a stiff
phase (w = 1) where the scalar field density and pressure
are dominated by the kinetic term and one obtains [41]
ρφ ∝ a−6, a ∝ t1/3, φ˙ ∝ a−3 and φ ∝ ln a. Then, the
scalar field might dominate at earlier times. However,
if m ≫ HBBN ∼ 10−13 eV this stiff phase occurs before
the BBN and the latter follows the standard cosmological
model. On the other hand, the quartic model may not ex-
tend up to these redshifts. Therefore, we do not show this
constraint in Fig. 1, as we focus on lower redshifts and
assume that in case m . 10−13 eV the potential differs
from the quartic model at earlier times, as for the cosine
model described in section IIG 3. We implicitly assume
that the initial conditions are such that the scalar field
density at late times corresponds to the observed dark
matter density.
Thus, in this article we focus on models where the pa-
rameters (m,λ4) fall between the two diagonal lines of
Fig. 1, with 1 . ra . 20 kpc, and 10
−21 . m . 10−4 eV.
Smaller masses correspond to Fuzzy Dark Matter mod-
els, where quantum pressure is important. Lower values
of λ4, or higher values of m, correspond to models that
behave like standard Cold Dark Matter particles down to
galactic scales, as the scale ra decreases. They are con-
sistent with observations but do not show new properties
as compared with CDM on cosmological scales.
C. Nonrelativistic limit
In quantum field theory, the scalar field model de-
scribes the behavior of massive scalars. In canonical
quantization, states |~k 〉 correspond to single particle
states with energies
Ek =
√
k2 +m2, (30)
where we have neglected the interactions. When |~k| ≪
m, the energy becomes
Ek = m+
k2
2m
, (31)
corresponding to nonrelativistic excitations. At these en-
ergies, antiparticles cannot be created so that the parti-
cle number is conserved and the quantum field theory
reduces to quantum mechanics. The field φ can be de-
composed as
φ =
1√
2m
(e−imtψ + eimtψ⋆), (32)
where ψ is now a complex scalar field. This corresponds
to a Bose-Einstein condensate, where all particles have
negligible momentum, |~k| ≪ m, and their number is con-
served. Then, the system is described by the classical
complex field ψ. We can note that φ is invariant under
the transformation
t→ t+ α/m, ψ → eiαψ, φ→ φ. (33)
As we shall see below, this will lead to a global U(1)
symmetry for ψ in the nonrelativistic limit. This global
symmetry is the remnant of the time translation invari-
ance t→ t−ξ0(t, ~x), which is a part of the diffeomorphism
invariance of the theory.
6D. Fluid picture
The complex scalar field ψ can be mapped to a hydro-
dynamical system, using the Madelung transformation
[55]
ψ =
√
ρ
m
eiS , (34)
which defines the amplitude
√
ρ/m and the phase S. As
is well known, the equations of motion will take the form
of the hydrodynamical continuity and Euler equations,
where ρ is interpreted as the density and ~v as the fluid
velocity defined by
~v =
∇S
ma
. (35)
The symmetry (33) now reads as the shift symmetry
t→ t+ α/m, S → S + α. (36)
As a result of this global symmetry, there always exists
a Noether current whose conservation is guaranteed. We
will identify it as the matter density current implying
that matter is always conserved in the fluid description.
Moreover, the S field can be seen as the Stu¨ckelberg field
which restores the local time invariance symmetry as
t→ t+ ξ0, S → S +mξ0. (37)
This local invariance is broken by the background ge-
ometry and its scale factor a(t), with an explicit time
dependence which is not compensated by S.
E. Weak gravity regime and effective actions
1. Einstein-Hilbert action
On cosmological and galactic scales, the Newtonian po-
tentials Φ and Ψ are small, typically of order 10−6 to
10−5. Therefore, we can expand the action over Φ and Ψ.
As recalled in Appendix A 1, up to quadratic order, the
Einstein-Hilbert action is given by the expression (A1),
while up to linear order the Einstein tensor Gµν is given
by Eqs.(A2)-(A4). At this order, they are related by
δSEH
δΦ
= −M2Pla3G00,
δSEH
δΨ
=M2Pla
3Gii, (38)
where in the last expression we sum over the index i as in
the Einstein convention. By working in the Newtonian
gauge and restricting the study to the scalar perturba-
tions, we obtain two equations of motion for Φ and Ψ.
They correspond to the (00) component and to the spa-
tial trace part of the full set of Einstein equations.
2. Scalar-field action
Because Φ and Ψ are very small, below 10−5, we only
need to expand the scalar-field action up to linear order
in Φ and Ψ yielding
Sφ =
∫
d4x a3
[
1− Φ− 3Ψ
2
φ˙2 − 1 + Φ−Ψ
2a2
(∇φ)2
−1 + Φ− 3Ψ
2
m2φ2 +KI(X)− VI(φ)
]
. (39)
At linear order in Φ and Ψ, we actually get a term (1+Φ−
3Ψ)(KI−VI) instead of (KI−VI) in the action. However,
because of the constraint (20), KI − VI is subdominant
as compared with the scalar-field energy density ρ, |KI−
VI| ≪ ρ. We shall see below that |KI − VI| . ρ|Φ|, and
therefore we can drop the term (Φ − 3Ψ)(KI − VI) in
the action. As in (38), the derivatives of the scalar-field
action with respect to the metric potentials Φ and Ψ are
related to the scalar-field energy-momentum tensor T µν
by
δSφ
δΦ
= a3T 00 ,
δSφ
δΨ
= −a3T ii , (40)
where we have defined T µν = 2√−g
δSφ
δgµν
. At the level of
the scalar field action, the invariance under diffeomor-
phisms, which locally take the form xµ → xµ − ξµ and
gµν → gµν+∇µξν+∇νξµ, implies
∫
d4x
√−gT µν(∇µξν+
∇νξµ) = 0, when the equations of motion are satisfied.
This gives the usual conservation equations
∇µT µν = 0. (41)
The case ν = 0, associated with time diffeomorphisms,
gives the continuity equation for the energy density,
∂t
[
a3
(
φ˙2
2
+
(∇φ)2
2a2
+
m2φ2
2
)]
−∇(aφ˙∇φ)
+3Ha3
(
φ˙2
2
− (∇φ)
2
6a2
− m
2φ2
2
)
= 0, (42)
where we used Φ ∼ Ψ ≪ 1 and Φ˙ ∼ Ψ˙ ∼ HΦ ≪ H . At
the level of the background, this corresponds to the usual
relativistic continuity equation ρ˙+ 3H(ρ+ p) = 0.
3. Nonrelativistic limit
We can obtain the nonrelativistic limit by substituting
the expression (32) into the scalar-field action (39). The
full expression is given in Eq.(A5) in the appendix A2. In
the nonrelativistic regime we neglect the fast oscillatory
7terms and the action simplifies as
Sφ =
∫
d4x a3
{
1− Φ− 3Ψ
2m
(imψ˙ψ⋆ − imψψ˙⋆)
−1 + Φ−Ψ
2ma2
(∇ψ) · (∇ψ⋆)−mΦψψ⋆
+KI(ψ, ψ⋆)− VI(ψ, ψ⋆)
}
. (43)
Here we neglected the term ψ˙ψ˙⋆ in the standard kinetic
part, because it is negligible as compared with mψ˙ψ⋆, as
ψ evolves on cosmological or galactic timescales, which
are much larger than the fast oscillatory period 2π/m.
The self-interaction potential VI(ψ, ψ⋆) is obtained
from VI(φ) by substituting the decomposition (32). As
for the other terms of the nonrelativistic action, we only
keep the non-oscillatory terms. This means that in the
series expansion (16) we only keep the even order terms
φ2n, where we pair n factors e−imt with n factors eimt.
This gives
VI(ψ, ψ⋆) = Λ4
∞∑
n=2
λ2n
2n
(2n)!
(n!)2
(
ψψ⋆
2mΛ2
)n
. (44)
The combinatorial factor is the number of ways of choos-
ing n factors e−imt (and the remaining n factors eimt)
among the 2n factors φ. In a similar fashion, from the
series expansion (17) the remaining contribution from the
nonstandard kinetic term reads
KI(ψ, ψ⋆) = Λ4
∞∑
n=2
kn
n
(2n)!
(n!)2
(
mψψ⋆
4Λ4
)n
, (45)
where we used the conditions m ≫ H and m ≫ k/a,
from Eq.(22), to keep only the leading terms. Thus, in
the nonrelativistic limit that we consider in this paper,
with weak interactions and nonstandard kinetic terms,
the latter are equivalent to a potential term and only
lead to a correction to the nonrelativistic potential VI.
This yields an effective nonrelativistic potential
VeffI = VI −KI, (46)
with the effective coefficients
λeff2n = λ2n − 2kn
(
m2
2Λ2
)n
. (47)
The expression (43) provides the effective scalar-field ac-
tion that governs the weak-gravity nonrelativistic regime.
Notice that the K-essence models of DM, such as (1),
with their shift symmetry φ→ φ+ c softly broken by the
mass term, behave in the same fashion as DM models
with a potential term.
At leading order over m, and for wave numbers k/a≪
m as in Eq.(22), the continuity equation (42) simplifies
as
∂t
[
a3mψψ⋆
]
+∇ ·
[
ia
2
(ψ~∇ψ⋆ − ψ⋆~∇ψ)
]
= 0. (48)
We recover the fact that the pressure term associated
with the last term in Eq.(42) is negligible, as the scalar
field behaves as pressureless dark matter.
On the other hand, the nonrelativistic action (43) sat-
isfies the U(1) symmetry ψ → eiαψ, ψ⋆ → e−iαψ⋆. This
follows directly from the symmetry (33), associated with
the definition of ψ, and the fact that the action (43) does
not explicitly depend on time [because we discarded the
oscillatory terms e±2imt of Eq.(A5)]. To this symmetry
is associated the Noether current Jµ, with
∂µJ
µ = 0, (49)
and
J0 = a3mψψ⋆, ~J =
ia
2
(
ψ~∇ψ⋆ − ψ⋆~∇ψ
)
, (50)
where we used again Φ ∼ Ψ ≪ 1. We recognize the
standard conserved current of nonrelativistic quantum
mechanics. In the nonrelativistic limit, this corresponds
to the conservation of the matter density. We note that
Eq.(49) is identical to Eq.(48). This can be understood
from the fact that the U(1) symmetry leading to Eq.(49)
is a consequence of the transformation (33), which is re-
lated to uniform translations over time, while the con-
servation equation (48) is related to the invariance with
respect to time diffeomorphisms, described by Eq.(42).
Therefore, they are closely related and lead to the same
conservation equation.
F. Fluid picture
We can obtain the hydrodynamical action by substi-
tuting the expression (34) into the action (A5) of the
complex scalar field ψ. The full expression is given in
Eq.(A6) in the appendix A3. Again, in the nonrelativis-
tic regime, we neglect the fast oscillatory terms and the
action simplifies to
Sφ =
∫
d4x a3
{
1− Φ− 3Ψ
2m2
(−2mρS˙)
−1 + Φ−Ψ
2m2a2
(
(∇ρ)2
4ρ
+ ρ(∇S)2
)
−ρΦ− VeffI (ρ)
}
. (51)
As in Eq.(43), we only keep the leading term with the
highest power of m in the standard time-derivative ki-
netic term. The self-interaction potential is obtained by
substituting the expression (34) in the potential (44),
with the correction (47) in the case of nonstandard ki-
netic terms. It gives
VeffI (ρ) = Λ4
∞∑
n=2
λeff2n
2n
(2n)!
(n!)2
( ρ
2m2Λ2
)n
, (52)
which does not depend on S. We can also identify the
conserved current (50) with
J0 = a3ρ, ~J =
aρ~∇S
m
= a2ρ~v. (53)
8G. Nonrelativistic effective potential
1. Resummation
Thus, in the nonrelativistic limit the self-interactions
and the nonstandard kinetic terms appear through the
transformed potential VeffI . In practice, the equation of
motion will involve the derivative dVeffI /dρ. We can ob-
tain a more explicit relationship with VI an KI by resum-
ming the series (52). First, we can extract the even terms
of VI(φ) by defining the function
x > 0 : UI(x) =
∞∑
n=2
λeff2nx
n−1
=
V ′I (
√
xΛ)− V ′I (−
√
xΛ)
2Λ3
√
x
− m
2
Λ2
K ′I
(
x
m2Λ2
2
)
, (54)
where V ′I (φ) = dVI/dφ and K
′
I(X) = dKI/dX . Then,
using the integral representation of the beta function [56],
(2n)!
(n!)2
=
2
π
∫ 1
0
du√
1− u2 [4(1− u
2)]n, (55)
we obtain for the transformed function UI(x),
UI(x) =
∞∑
n=2
λeff2n
(2n)!
(n!)2
xn−1 (56)
=
8
π
∫ 1
0
du
√
1− u2 UI[4(1− u2)x], (57)
and the first derivative of the nonrelativistic potential
VeffI reads
ΦeffI (ρ) =
dVeffI
dρ
=
Λ2
4m2
UI
( ρ
2m2Λ2
)
. (58)
The relation (57) can be inverted in a similar fashion.
Defining the function
x > 0 : WI(x) =
∞∑
n=2
λeff2n
2n
xn−1
=
VI(
√
xΛ) + VI(−
√
xΛ)
2Λ4x
−
KI
(
xm
2Λ2
2
)
Λ4x
, (59)
which describes the even part of the initial potential
VI(φ), we obtain
WI(x) =
1
2
∫ 1
0
du (1− u) UI[u(1− u)x]. (60)
These expressions assume that the self-interaction poten-
tial and the nonstandard kinetic term are given by their
series expansion (16) and (17) over the range of interest.
2. Power-law potentials or kinetic terms
If the kinetic term is canonical and the self-interaction
potential is a monomial,
KI(X) = 0, VI(φ) = Λ
4λ2n
2n
φ2n
Λ2n
, (61)
or if the nonlinear kinetic term is a monomial and the
self-interaction potential vanishes,
VI(φ) = 0, KI(X) = Λ
4 kn
n
Xn
Λ4n
. (62)
The nonrelativistic self-interaction potential ΦI is also a
power law,
ΦI(ρ) =
(
ρ
ρa
)n−1
, (63)
with
ρa =
(
λ2nΛ
2
4m2
(2n)!
(n!)2
)−1/(n−1)
2m2Λ2 (64)
for the potential case (61), and
ρa =
(
−kn
4
(2n)!
(n!)2
)−1/(n−1)
4Λ4 (65)
for the kinetic case (62). Here we focus on the cases λ2n >
0 or kn < 0, where the potential ΦI gives a repulsive
force.
To ensure that the background scalar field behaves
like pressureless dark matter, at least from the time of
radiation-matter equality until now, we must satisfy the
constraint (20). This implies ΦI(ρ¯eq) . 1, hence
V¯effI . ρ¯ : ρa & ρ¯eq ∼ 1011ρ¯0 ∼ 10−36GeV4. (66)
In the kinetic case (62), this implies for coefficients kn
of order unity that the cutoff Λ must be above 1 eV,
if kn ∼ 1 : Λ & 1 eV. (67)
3. Cosine potential
For illustrative purposes, let us consider a bounded po-
tential such as a cosine, with a standard kinetic term.
As explained above, this could also correspond to a
bounded nonlinear correction to the kinetic term. Fol-
lowing the two-scale scenario discussed below Eq.(20), we
write the full scalar-field potential as the sum of a lead-
ing quadratic term and a subleading nonlinear potential,
taken to be a cosine,
V (φ) =
m20
2
φ2 +M4I [cos(φ/Λ)− 1] ,
M4I
Λ2
≪ m20. (68)
9We can absorb the quadratic part of the cosine into the
mass term and write V (φ) = m
2
2 φ
2 + VI(φ), with
m2 = m20 −
M4I
Λ2
≃ m20, (69)
VI(φ) =M
4
I
[
cos(φ/Λ)− 1 + φ
2
2Λ2
]
. (70)
For φ ≪ Λ we recover a quartic potential, with λ4 =
M4I /(6Λ
4). Using the resummation described in sec-
tion IIG 1, the function UI defined in Eq.(54) reads
UI(x) =
M4I
Λ4
[
1− sin
√
x√
x
]
, (71)
and the function UI(x) defined in Eq.(56) reads
UI(x) = 2M
4
I
Λ4
[
1− J1(2
√
x)√
x
]
. (72)
This yields for the nonrelativistic self-interaction poten-
tial ΦI(ρ),
ΦI(ρ) =
8ρb
ρa
[
1− 2J1(
√
ρ/ρb)√
ρ/ρb
]
, (73)
with
ρa =
8m4Λ4
M4I
, ρb =
m2Λ2
2
, ρb ≪ ρa. (74)
At low densities we again recover the case of the quar-
tic potential, while at high densities the self-interaction
potential converges to a finite value,
ρ≪ ρb : ΦI(ρ) = ρ
ρa
+ ... (75)
ρ≫ ρb : ΦI(ρ) = 8ρb
ρa
≪ 1. (76)
The resummation (73) is justified because the series ex-
pansions of VI, UI and UI converge over the full positive
real axis. Independently of the details of the scalar-field
potential, the generic consequence of a bounded VI(φ) is
a bounded nonrelativistic potential ΦI(ρ).
Because the potential ΦI now satisfies a small upper
bound, we automatically verify the pressureless condition
(20) for the background at all redshifts. This no longer
constrains ρa to be larger than ρ¯eq, or the first expansion
coefficient λ4 to obey Eq.(27), as long as ρb ≪ ρa and
ρb < ρ¯eq. However, the constraints (27) and (66) still
apply, for the other reason described in Eq.(28) and sec-
tion IVE below, associated with the formation of large-
scale structures. Indeed, the Jeans length set by the re-
pulsive self-interaction, given by Eqs.(128)-(129), must
remain below 20 kpc to ensure that Lyman-α clouds and
galaxies can form (we assume that we are in the low-
density regime ρ¯≪ ρb for z . 6).
III. COSMOLOGICAL BACKGROUND
A. Real scalar field φ
For the cosmological background, the Einstein equa-
tions, or equivalently the derivatives of the full action
with respect to Φ and Ψ, give the Friedmann equations
3M2PlH
2 =
1
2
˙¯φ2 +
1
2
m2φ¯2 + ρ¯de + ρ¯γ , (77)
M2Pl(3H
2 + 2H˙) = −1
2
˙¯φ2 +
1
2
m2φ¯2 + ρ¯de − ρ¯γ
3
, (78)
where we included the additional dark energy and ra-
diation components. The derivative of the action with
respect to φ gives the equation of motion
(1+K ′I+2X¯K
′′
I )
¨¯φ+3H(1+K ′I)
˙¯φ+m2φ¯+
dVI
dφ
= 0. (79)
Throughout this article we consider the regime where m
is much larger than other energy scales, as in Eq.(22).
Thus, we look for asymptotic solutions of the dynam-
ics in the limit m → ∞. Then, at leading order the
equation of motion simplifies as φ¨ +m2φ = 0, with the
solutions e±imt. This is the basis for the decomposition
(32), which is only relevant in this nonrelativistic regime
for m ≫ H and m ≫ |~k|. In this regime, we can obtain
the asymptotic solution of the equation of motion (79)
by a standard periodic averaging method [57], which is
also related to the “variation of constants” method intro-
duced by Lagrange. Thus, starting from the unperturbed
equation of motion, φ¨ +m2φ = 0, we look for solutions
of the form
φ¯(t) = ϕ¯(t) cos(mt− S¯(t)), (80)
such that
˙¯φ = −mϕ¯(t) sin(mt− S¯(t)). (81)
These two equations implicitly define the two functions
ϕ¯ and S¯ from φ¯. The second equation (81) for the time
derivative of φ¯ also implies
˙¯ϕ cos(mt− S¯) + ϕ¯ ˙¯S sin(mt− S¯) = 0. (82)
For the unperturbed solution e±imt, ϕ¯ and S¯ are con-
stant. In the perturbed case, they slowly vary with time
and modulate the amplitude and phase of the fast oscilla-
tions of the unperturbed solution cos(mt). Substituting
into the equation of motion (79), we obtain
˙¯ϕ sin(mt− S¯)− ϕ¯ ˙¯S cos(mt− S¯) =
−3Hϕ¯ sin(mt− S¯)− (K ′I + 2X¯K ′′I )mϕ¯ cos(mt− S¯)
+
1
m
dVI
dϕ¯
, (83)
where we only kept the leading terms in KI, using
K ′I ≪ 1, XK ′′I ≪ 1, (84)
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in agreement with Eq.(20). Combining Eqs.(82) and (83)
gives
˙¯ϕ = −3Hϕ¯ sin2(mt− S¯)− (K ′I + 2X¯K ′′I )mϕ¯
× cos(mt− S¯) sin(mt− S¯) + 1
m
sin(mt− S¯)dVI
dϕ¯
, (85)
and
˙¯S = 3H cos(mt− S¯) sin(mt− S¯) + (K ′I + 2X¯K ′′I )m
× cos2(mt− S¯)− 1
mϕ¯
cos(mt− S¯)dVI
dϕ¯
. (86)
In agreement with the role of ϕ¯ and S¯ as slow variables,
we can check that ˙¯ϕ and ˙¯S do not show high-frequency
factors m (the only factors m that appear in the right-
hand sides are multiplied by the small quantities K ′I and
XK ′′I ). Then, the idea of the method is to average the
right-hand sides over the fast-oscillation period 2π/m.
Using the expansions (16) and (17), this gives for the
averaged quantities,
˙¯ϕ = −3
2
Hϕ¯, (87)
˙¯S = − Λ
2
4m
∞∑
n=2
λeff2n
(2n)!
(n!)2
(
ϕ¯2
4Λ2
)n−1
, (88)
where the coefficients λeff2n are given by Eq.(47). This
gives the solutions
ϕ¯ = ϕ¯0 a
−3/2 (89)
and
˙¯S = − Λ
2
4m
∞∑
n=2
λeff2n
(2n)!
(n!)2
(
ϕ¯20
4Λ2a3
)n−1
, (90)
which yields
S¯(t) = S¯0 −
∫ t
t0
dt
Λ2
4m
UI
(
ϕ¯20
4Λ2a3
)
, (91)
where ϕ¯0 and S¯0 are integration constants and we rec-
ognized the function UI defined in Eq.(56). Thus, the
fast oscillations remove the contributions from the odd
terms λ2n+1φ
2n+1 of the scalar-field self-interaction po-
tential and give rise to the factor (2n)!/(n!)2, associated
with the nonrelativistic potential (44), which here does
not appear from combinatorics but from averages over
powers of trigonometric functions.
We also recover the property that the nonstandard ki-
netic terms only give rise to an additional contribution to
the nonrelativistic potential, which agrees with Eqs.(45)
and (46). Therefore, in the following we no longer explic-
itly consider the nonstandard kinetic contribution KI, as
it is understood it is included in the potential VeffI , and
we omit he superscript “eff” to simplify notations.
As is well known, this integration method ensures
that secular terms are absent. Thus, the amplitude de-
cays as a−3/2, as for the harmonic case, and the small
anharmonic correction only generates a nonzero phase
shift. This means that the scalar field energy density,
ρ¯φ =
˙¯φ2/2+m2φ¯2/2, decays as a−3 and can play the role
of the cold dark matter.
At this leading order for the real scalar field φ¯(t), its
energy density and pressure are
ρ¯φ =
m2ϕ¯20
2a3
, p¯φ = 0, (92)
where we averaged over the fast oscillations. Therefore,
ϕ¯0 is set by the scalar-field energy density, which can be
set equal to the dark matter density if there is no other
dark matter component.
At a subleading order, the contribution of the self-
interactions VI generate a nonzero pressure. However, as
in the action (39) (where it would correspond to the term
ΨVI), we neglect this contribution to the background dy-
namics, in agreement with the constraint (20). Clearly, if
VI is of the same order as ρφ, it is not a small correction
to the Klein-Gordon equation of motion (79). Then, it
will modify the period and the amplitude of the oscilla-
tions, which also show higher-order harmonics, and the
asymptotic solution (80) is no longer valid. Then, the
nonrelativistic decomposition (32) is no longer relevant.
The same constraints apply to the nonstandard kinetic
term KI.
B. Nonrelativistic limit
Comparing the solution (80) with the decomposition
(32), we can see that at the background level, the com-
plex scalar field ψ defined by Eq.(32) is
ψ¯(t) = ψ¯0 a
−3/2eiS¯ , with ψ¯0 =
√
m
2
ϕ¯0 =
√
ρ¯0
m
. (93)
Then, we can check that (93) is indeed the solution of
the equation of motion derived from the nonrelativistic
action (43), which reads
i
(
˙¯ψ +
3
2
Hψ¯
)
=
∂VI
∂ψ⋆
. (94)
Substituting the expression (93) and using Eq.(44) for
the self-interaction potential VI(ψ, ψ⋆), we recover the
equation of motion (90) for ˙¯S. It provides the explicit
connection, at the background level, between the periodic
averaged asymptotic solution (80) of the real scalar field
φ, in the limit where m is the largest energy scale of the
system, the nonrelativistic decomposition (32), and the
nonrelativistic action (43).
C. Fluid picture
Comparing the solution (93) with the decomposition
(34), we find that at the background level, ρ¯ and S¯ can be
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identified with the quantities introduced in the solutions
for the real scalar field φ and the complex scalar field ψ.
We can check that the solution defined by ρ¯ = ρ¯0/a
3 and
S¯ given by Eq.(90), which also can be written as
˙¯S = −mΛ
4a3
2ρ¯0
∞∑
n=2
λ2n
(2n)!
(n!)2
( ρ¯0
2m2Λ2a3
)n
, (95)
or in its integrated form as
S¯(t) = S¯0 −
∫ t
t0
dt
Λ2
4m
UI
( ρ0
2m2Λ2a3
)
, (96)
is indeed the solution of the equations of motion derived
from the hydrodynamical action (51), which read
˙¯S = −mdVI
dρ
, (97)
˙¯ρ+ 3Hρ¯ = 0. (98)
From the expression (52), we can see that Eq.(97) coin-
cides with Eq.(95). It provides the explicit link, at the
background level, between the periodic averaged asymp-
totic solution (80) of the real scalar field φ and the non-
relativistic fluid picture.
IV. PERTURBATIONS
Whereas for the study of the cosmological background
we started from the scalar field φ to make the connection
with the nonrelativistic complex field ψ and the hydro-
dynamical fields (ρ, S), for the perturbations it is more
convenient to start from the fluid picture, which is simi-
lar to the standard treatment of the CDM scenario, and
next make the connection with the fields ψ and φ.
A. Fluid picture
Within the fluid picture, the metric and scalar-field
perturbations are governed by the action (51). As the
latter only depends on derivatives of S, it is invariant
under the global shift symmetry
S → S + α, (99)
which is again a nonrelativistic consequence of the sym-
metry (36), and the associated Noether current
Jµ = −m δL
δ(∂µS)
(100)
is conserved. This corresponds to the U(1) symmetry for
ψ and to the conserved current Jµ of Eq.(49), given by
Eqs.(50) and (53). The conservation law J˙0 +∇ · ~J = 0
reads
ρ˙+ 3Hρ+
1
ma2
∇(ρ∇S) = 0, (101)
and it is equivalent to the equation of motion for S.
Defining the velocity field by Eq.(35), it takes the form
of the hydrodynamical continuity equation
ρ˙+ 3Hρ+
1
a
∇(ρ~v) = 0. (102)
We can see that the self-interactions do not modify this
continuity equation. The Euler-Lagrange equation for ρ
provides the second equation of motion,
S˙ +
(∇S)2
2ma2
= −mΦ−mdVI
dρ
+
1
2ma2
∇2√ρ√
ρ
. (103)
Taking the gradient of this equation gives the hydrody-
namical Euler equation,
~˙v +H~v +
1
a
(~v · ∇)~v = −1
a
∇(Φ + ΦI + ΦQ), (104)
where we used ∇(~v 2) = 2(~v ·∇)~v because ∇×~v = 0. The
self-interaction potential ΦI is defined in Eq.(58) and we
have introduced the “quantum pressure” term
ΦQ = −
∇2√ρ
2m2a2
√
ρ
. (105)
Thus, we recover the dynamics of the standard cold dark
matter scenario, with density ρ and fluid velocity ~v, with
the additional interaction potential and quantum poten-
tial ΦI and ΦQ [58]. These new terms must remain small
on large scales, so as to match observational data, but
they could lead to significant effects up to galactic scales,
where the CDM scenario shows several tensions with ob-
servations.
Using the expressions of the Einstein tensor recalled in
appendix A, the Φ and Ψ equations read
M2Pl[−3H2 + 6H2Φ + 6HΨ˙− 2a−2∇2Ψ] =
ρS˙
m
− 1
2m2a2
(
(∇ρ)2
4ρ
+ ρ(∇S)2
)
− ρ− ρ¯de − ρ¯γ , (106)
and
M2Pl
[
−3H2 − 2H˙ + 2Ψ¨ + 6HΨ˙ + 2HΦ˙
+(6H2 + 4H˙)Φ + a−2
2
3
∇2(Φ−Ψ)
]
=
[
−ρS˙
m
− 1
6m2a2
(
(∇ρ)2
4ρ
+ ρ(∇S)2
)
− ρ¯de + ρ¯γ
3
]
, (107)
where we neglect the perturbations of the radiation and
dark energy component (which may be a cosmological
constant). As noticed in section II E 1 from Eq.(38), the
first equation (106) and the trace of the equations (107)
can also be obtained from derivatives of the full action
with respect to Φ and Ψ.
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In the nonrelativistic regime that we consider in our
analysis, most terms in these Einstein equations can ac-
tually be neglected. For the study of perturbations, we
are interested in small subhorizon scales with wave num-
bers
k
a
≫ H. (108)
On the other hand, we focus on scenarios where 1/m
is much smaller than cosmological length scales, m ≫
10−27eV,
k
am
≪ 1, with 1
m
= 6.4× 10−27
( m
1 eV
)−1
kpc.
(109)
The definition (35) gives
δS ∼ amv
k
, δS˙ ∼ Hamv
k
, ˙¯S = −mΦ¯I (110)
where δS = S − S¯, we used the fact that ~v varies on
the Hubble timescale for cosmological structures, and we
used Eq.(97) with the definition (58). Then, using v2 ≪
1, as cosmological and galactic structures have v2 ∼ Φ .
10−5, we find that (106) simplifies to
∇2Ψ
a2
=
ρ− ρ¯
2M2Pl
, hence Ψ ∼ a
2H2δ
k2
, (111)
with δ = (ρ− ρ¯)/ρ¯. and Eq.(107) gives
Ψ− Φ ∼ δ
2H2
m2
+
a2H2(1 + δ)
k2
v2. (112)
Therefore, |Ψ − Φ| ≪ Ψ as v ≪ 1 and m2 ≫ k2δ/a2,
implying therefore
Φ ≃ Ψ, (113)
at first order over Φ and Ψ. We also have the scaling v ∼
Ha/k, which simply states that cosmological structures
evolve on Hubble timescales. Therefore, we recover the
standard Poisson equation in the nonrelativistic regime,
∇2Φ
a2
= 4πGρ¯δ. (114)
On the other hand, the Euler equation (104) implies
dVI
dρ
= ΦI . Φ. (115)
Indeed, in realistic scenarios the departure from CDM
must be small on large cosmological scales, beyond clus-
ters scales, where the linear power spectrum and growth
rate are measured to better than 10%. This implies from
Eq.(104) that ΦI ≪ Φ on these linear scales. On the
other hand, on galactic scales we can authorize effects of
order unity (but not much greater, otherwise this would
generate large velocities according to Eq.(104)). There-
fore, in realistic scenarios we have VI . ρΦ ≪ ρ, from
subgalactic to Hubble scales. This agrees with the con-
straint (20) and confirms that we could drop the term
(Φ−3Ψ)VI in the action (39), as it is a higher-order term
at most of order ρΦ2.
B. Complex scalar field ψ
The equation of motion of the nonrelativistic complex
scalar field ψ is obtained from the action (43),
i
(
ψ˙ +
3
2
Hψ
)
= − ∇
2ψ
2ma2
+mΦψ +
∂VI
∂ψ⋆
. (116)
This nonlinear Schrodinger equation is a generalized
Gross-Pitaevskii equation if VI is not quartic. We recover
Eqs.(101) and (103) when we make the substitution (34).
If we consider linear perturbations in ρ and S defined by
ρ = ρ¯(1 + δ), S = S¯ + δS, (117)
the linear perturbation over ψ reads
ψ = ψ¯ + δψ with δψ = ψ¯
(
δ
2
+ iδS
)
. (118)
C. Real scalar field φ
The equation of motion of the real scalar field φ is
obtained from the action (39),
φ¨+ 3Hφ˙− 1
a2
∇2φ+m2φ+ dVI
dφ
= 0. (119)
The linear perturbations defined by Eq.(117) correspond
to φ = φ¯+ δφ with
δφ =
√
2ρ¯
m
[
δ
2
cos(mt− S¯) + δS sin(mt− S¯)
]
. (120)
This can also be written as
φ =
√
2ρ¯
m
(
1 +
δ
2
)
cos(mt− S¯ − δS). (121)
As expected and as for the background solution (80), in
the nonrelativistic limit the scalar field φ can be written
as a modulation of the fast oscillations cos(mt) by slow
background and perturbation corrections.
D. Gravitational instability
For small perturbations with respect to the FLRW
background, we can linearize the equations of motion.
It is convenient to work with the fluid approach, defining
the linear density contrast δ and the divergence θ of the
fluid velocity,
δ =
ρ− ρ¯
ρ¯
, θ =
∇ · ~v
a
. (122)
The continuity equation (101) gives
θ = −δ˙, (123)
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and the Euler equation (104) gives
θ˙ + 2Hθ = − 1
a2
∇2(Φ + ΦI +ΦQ). (124)
Combining these two equations, using the Poisson equa-
tion (114) and the expression (105) of the quantum po-
tential, we obtain in Fourier space the modified growth
equation [59]
δ¨ + 2Hδ˙ +
(
c2s
k2
a2
− 4πGρ¯
)
δ = 0, (125)
where we introduced the speed of sound cs as
c2s =
k2
4a2m2
+ ρ¯
dΦ¯I
dρ¯
=
k2
4a2m2
+ ρ¯
d2V¯I
dρ¯2
. (126)
The first term comes from the quantum potential and
only plays a role at short distances. As dynamical
timescales are of the order of the Hubble time for galactic
and cosmological structures, the nonzero speed of sound
plays a role up to the acoustic length scale rs ∼ cs/H .
This implies that the quantum pressure becomes impor-
tant at the acoustic quantum scale rQ, with
rQ =
1√
Hm
≃ 1.7× 10−10
( m
1 eV
)−1/2
kpc, (127)
at redshift z = 0. This regime has already been studied
in detail in the literature and corresponds to light scalar
fields, with m . 10−21eV, associated with fuzzy dark
matter. In this work, we focus on models with m ≫
10−21eV, where the quantum pressure is negligible, and
the speed of sound is set by the self-interactions. Then,
it becomes scale independent and only depends on the
density,
c2s(ρ¯) = ρ¯
dΦI
dρ¯
. (128)
From Eq.(125), we recover the usual gravitational insta-
bility on large scales, k/a < r−1J , beyond the Jeans length
rJ , and acoustic oscillations on smaller scales, with
kJ
a
=
1
rJ
with rJ =
cs√
4πGρ¯ . (129)
E. The quartic model
The quartic model corresponds to VI(φ) ∝ φ4, that is,
n = 2 in Eq.(61), or to KI(X) ∝ X2, that is, n = 2 in
Eq.(62). In both cases we obtain
ρa =
4m4
3λ4
, ΦI(ρ) =
ρ
ρa
, c2s(ρ¯) =
ρ¯
ρa
=
3λ4ρ¯
4m4
, (130)
where in the K-essence scenario we define
ρa = −8Λ
4
3k2
, λ4 = −k2
2
m4
Λ4
. (131)
To avoid small-scale instabilities, we require c2s ≥ 0, and
hence λ4 > 0 or k2 < 0 in the K-essence case. More
generally, c2s is guaranteed to be positive when all the
λn ≥ 0 and kn ≤ 0 in the self-interaction potential and
the nonstandard kinetic term. However, this is not the
most general case, and we only need the effective poten-
tial ΦI to be a monotonic increasing function of ρ. The
quartic model gives a Jeans length that is independent
of the density [40, 59], hence of redshift,
rJ =
1√
4πGρa
. (132)
To ensure that galaxies and Lyman-α clouds form, the
Jeans length should be smaller than about 20 kpc. This
happens to coincide with the constraint (66), which ex-
presses that the background pressure is negligible up to
redshift zeq, see also Eqs.(27) and (29).
Thus, in this scenario the scalar field self-interactions
typically become relevant on galactic or subgalactic scales
at most, below 20 kpc, and the development of the cosmic
web, cluster of galaxies, and large galaxies, proceeds as
in the standard CDM scenario.
In the K-essence scenario, the nonrelativistic effective
potential reads
ΦI(ρ) =
ρ
ρa
− 20k3
9k22
(
ρ
ρa
)2
+ . . . (133)
If the coefficients kn are of order unity, that is, there is
no other scale than the cutoff Λ, we can use the leading
approximation (130) for densities ρ≪ ρa, which is satis-
fied as soon as ρ ≪ 1011ρ¯0. Therefore, this is sufficient
for all cosmological and galactic halos.
V. SMALL-SCALE DYNAMICS
A. Fluid approach
On galactic and subgalactic scales, we neglect the ex-
pansion of the Universe and the background density. This
applies to high-density inner parts of virialized halos or
to astrophysical scales. Then, the continuity and Euler
equations (102) and (104) become
ρ˙+∇r(ρ~v) = 0, (134)
~˙v + (~v · ∇r)~v = −∇r(Φ + ΦI), (135)
where we neglected the quantum potential ΦQ as we fo-
cus on models with m ≫ 10−21eV. Here ∇r is the gra-
dient or divergence operator with respect to the physical
coordinate ~r = a~x. The Poisson equation (114) becomes
∇2rΦ = 4πGρ hence Φ(~r) = −G
∫
d~r
′ ρ(~r
′
)
|~r ′ − ~r| . (136)
We can check that the total energy E, given by the
sum of the kinetic, gravitational, and internal (i.e. self-
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interaction) energies,
E =
∫
d~r
[
ρ
~v 2
2
+
1
2
ρΦ+ VI
]
, (137)
is conserved by the dynamics [37]. Indeed, taking its time
derivative and using Eqs.(134)-(136) we obtain dE/dt =
0.
In terms of the phase S, instead of the peculiar velocity
~v, the equations of motion read
ρ˙+
1
m
∇r(ρ∇rS) = 0, (138)
S˙ +
(∇S)2
2m
= −m(Φ + ΦI), (139)
where we again neglected the quantum pressure term.
The total energy now reads
E =
∫
d~r
[
ρ
(∇S)2
2m2
+
1
2
ρΦ + VI
]
, (140)
and it is again conserved by the equations of motion
(138)-(139).
B. Complex scalar field
In terms of the nonrelativistic complex field ψ, the
equation of motion (116) becomes
iψ˙ = −∇
2
rψ
2m
+mΦψ +
∂VI
∂ψ⋆
(141)
= −∇
2
rψ
2m
+m(Φ + ΦI)ψ, (142)
while the total energy reads [37, 47]
E =
∫
d~r
[∇rψ · ∇rψ⋆
2m
+
1
2
mψψ⋆Φ + VI
]
. (143)
Again, we can check that the total energy (143) is con-
served by the equation of motion (142). However, it is
actually different from the energy defined in Eqs.(137)
and (140), as in the fluid approach above we neglected
the quantum pressure term, whereas in Eq.(143) we can-
not separate the terms associated with the quantum pres-
sure from the spatial derivative terms associated with the
velocity ~v = ∇rS/m.
C. Static soliton
On small scales, we can look for static equilibrium so-
lutions with ~v = 0. From the Euler equation (135), the
equation of hydrostatic equilibrium reads
∇r(Φ + ΦI) = 0. (144)
This corresponds to a soliton solution, where the New-
tonian gravity is balanced by the dark-matter self-
interactions, which act as a pressure, rather than by the
velocity dispersion or the orbital angular momentum as
in standard cold dark matter scenarios. We can integrate
Eq.(144) once, which gives
Φ + ΦI = α, (145)
where α is an integration constant. On the other hand,
taking the divergence of Eq.(144) and using the Poisson
equation (136) yields
∇2rΦI = −4πGρ. (146)
The self-interaction potential ΦI is a function of ρ, which
defines the inverse function ρ(ΦI), and we obtain the
Lane-Emden equation
∇2rΦI + 4πGρ(ΦI) = 0. (147)
This governs the shape of static soliton equilibria, which
may form at the center of dark matter halos where the
self-interactions become large.
In terms of the nonrelativistic complex field ψ, the
equation of motion was given in Eq.(142). We can check
that the static soliton (145) is a solution, with
ψ =
√
ρ
m
e−iαmt, hence S = −αmt, (148)
where α is the integration constant introduced in
Eq.(145). Depending on the choice of normalization for
the Newtonian gravitational potential, hence for α, there
is a uniform time dependent phase, which corresponds to
a vanishing velocity ~v = ∇rS/m. Here we used the fact
that the Laplacian term in Eq.(142) is negligible, because
we focus on the large-m regime (24) where the quantum
pressure is negligible and we have
∇2rψ
2m
∼ q
2
m2
mψ ≪ 10−6mψ . mΦψ, (149)
where q = k/a is the physical wave number. Indeed,
from Eq.(22) we have q/m < 10−5 for q < 1 kpc−1 and
m > 10−21 eV.
D. Power-law potentials
For power-law interaction potentials or nonlinear ki-
netic terms, we have ΦI ∝ ρn−1 as in Eq.(63), which can
be inverted as
ρ(ΦI) = ρaΦ
1/(n−1)
I . (150)
Defining the characteristic radius ra and the dimension-
less coordinate ~x = ~r/ra, as
ra = (4πGρa)−1/2, (151)
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we obtain
∇2xΦI +Φ1/(n−1)I = 0. (152)
For a spherically symmetric halo, this reads
d2ΦI
dx2
+
2
x
dΦI
dx
+Φ
1/(n−1)
I = 0, (153)
with the boundary conditions that ΦI tends to zero at
infinity and dΦI/dx vanishes at the origin.
We can derive the scaling laws of the soliton profiles
without explicitly solving Eq.(153). For a collapsed ob-
ject of massM and radiusR, the Newtonian gravitational
potential is Φ ∼ GM/R. The hydrostatic equilibrium im-
plies ΦI ∼ Φ ∼ GM/R. Then, using Eq.(150) we obtain
the scaling laws
ρ
ρa
∝
(
M
Ma
)2/(3n−4)
,
R
ra
∝
(
M
Ma
)(n−2)/(3n−4)
,
(154)
where we defined the characteristic mass Ma by
Ma =
4π
3
ρar
3
a. (155)
These scaling laws will be derived in a more explicit fash-
ion below in section VF. For n = 2, which corresponds
to the quartic model, the equilibrium radius of the halos
does not depend on their mass, while it grows with M
for n > 2.
E. The quartic model
We now focus on the quartic model with n = 2, de-
scribed by Eq.(130). This also gives for the characteristic
radius ra defined in Eq.(151)
ra =
1√
4πGρa
=
√
2
3Ωm
cs
H
. (156)
In this simple case, ra is equal to the Jeans length rJ ob-
tained in Eq.(132). The soliton equilibrium profile (153)
is now given by the linear equation
d2ΦI
dx2
+
2
x
dΦI
dx
+ ΦI = 0, (157)
with the solution [37, 53, 60–62],
ΦI(x) = ΦI(0)
sinx
x
, ρ(x) = ρ(0)
sinx
x
, (158)
where ΦI(0) and ρ(0) are the values of the self-interaction
potential and the density at the center. We immediately
find that the soliton has a finite radius
Rs = πra, (159)
which must be smaller than about 50 kpc to match ob-
servations. In the cosmological setting, the solitons, if
they exist, are not isolated. They form in the center of
virialized halos, with outer parts that may deviate from
the soliton profile, with non-negligible radial and tangen-
tial velocities, and that connect to the infalling matter
from the cosmic web. An estimate of the size of the soli-
tons inside cosmological halos will be given in section VI.
However, the expected size of the solitonic core remains
set by ra, as in the simplified isolated case (159). From
the constraint (66), associated with the condition of pres-
sureless background, we also obtain ra . 20 kpc. Thus,
as noticed in Eqs.(27) and (29), these two requirements
happen to give the same condition in the plane (m,λ4)
and on ρa.
The density at the center is given by
ρ(0) = ΦI(0)ρa =
ΦI(0)
c2s
ρ¯. (160)
For ΦI ∼ 10−6 and ρa & 1011ρ¯0, this gives a density con-
trast above 105 today, as found on galactic scales, while
the speed of sound is constrained to be cs . 10
−6. Such
solitonic cores embedded in galactic halos can provide
a good agreement with the rotation curves measured in
galaxies [61]. However, the fact that the characteristic
radius Rs is independent of the density ρ(0) differs from
the observation that galactic cores show the approximate
scaling law ρ(0) ∝ 1/Rβc with β ≃ 1 [63]. Nevertheless,
one can still obtain a reasonably good agreement with
observed rotation curves [64], especially if the halo has
a nonzero rotation. On the other hand, at small radii
baryonic effects are non-negligible and could modify these
results.
F. Power-law models
For the generic power-law cases (150), the scaling laws
(154) show that it is convenient to define the rescaled
radial coordinate u and self-interaction potential y by
u =
r
rM
with rM = ra
(
M
Ma
)(n−2)/(3n−4)
, (161)
ΦI(r)
ΦI(0)
= y(u),
ρ(r)
ρ(0)
= y(u)1/(n−1). (162)
Then, the Lane-Emden equation (153) reads
d2y
du2
+
2
u
dy
du
+ αn−2y1/(n−1) = 0, (163)
where we introduced the quantity α defined by
α =
(
M
Ma
)2/(3n−4)
ΦI(0)
−1/(n−1). (164)
As for the case n = 2, the soliton has a finite radius
Rs = UrM , where U is the first zero of the function y(u).
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FIG. 2: Profiles of the nonrelativistic self-interaction potential
ΦI (upper panel) and of the density ρ (lower panel) for the
power-law cases n = 2, 3, and 4.
The normalization of the profile is set by the condition
M =
∫ R
0 dr 4πr
2ρ, which reads
α = 3
∫ U
0
du u2y1/(n−1). (165)
Thus, for each index n, we must find the value α that sat-
isfies the condition (165), where y(u) is the α-dependent
solution of Eq.(163) with the boundary conditions y(0) =
1 and y′(0) = 0. From this fundamental solution, we ob-
tain the profile for any mass M from Eq.(164), which
gives ΦI(0) = α
1−n(M/Ma)2(n−1)/(3n−4). This gives in
turn the scaling laws (154). In the case n = 2, the explicit
solution (158), y2(u) = sin(u)/u, gives at once U2 = π
and α2 = 3π. From a numerical computation, we obtain
for n = 3 the values U3 ≃ 1.7 and α3 ≃ 2.6, and for n = 4
the values U4 ≃ 1.4 and α4 ≃ 1.9.
We compare in Fig. 2 the profiles of the nonrelativistic
potential ΦI and of the density ρ for the cases n = 2, 3,
and 4, normalized to their value at the center. The radial
coordinate is normalized to the radius Rs of the soliton.
We can see that the shape of the potential ΦI does not
vary much from n = 2 to n = 4 but the density pro-
file looks increasingly like a top-hat for higher n, with a
flatter core and a vertical slope at the boundary Rs for
n > 2.
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FIG. 3: Nonrelativistic self-interaction potential ΦI(ρ) for a
cosine scalar field potential VI(φ).
G. The cosine model
For the cosine model described in section IIG 3, the
nonrelativistic potential ΦI(ρ) is given by Eq.(73). In
terms of the dimensionless variables p and y defined by
p =
ρ
ρb
, ΦI(ρ) =
8ρb
ρa
y(p), (166)
we have
y(p) = 1− 2J1(√p)/√p. (167)
As shown in Fig. 3, the function y(p) behaves as p/8
for p ≪ 1, it reaches a maximum of ymax ≃ 1.13 at
pmax ≃ 26.37, and goes to unity at large p with decreasing
oscillations. Defining again the characteristic radius ra =
1/
√
4πGρa, and the dimensionless coordinate x = r/ra,
the soliton profile is given by the nonlinear equation
d2y
dx2
+
2
x
dy
dx
+
p(y)
8
= 0. (168)
At low density ρ and potential ΦI, we recover the linear
equation (157) of the quartic case. At pmaxρb the poten-
tial ΦI becomes attractive, which gives rise to an insta-
bility. At greater densities it shows a series of attractive
and repulsive domains but remains of finite amplitude.
Therefore, it cannot support massive and high-density
halos. Thus, a well-defined and smooth soliton profile
only exists for halos with a central density that is below
the critical value ρmax = pmaxρb.
H. Stability
Stable equilibria of isolated systems correspond to min-
ima of the total energy at fixed mass. Saddle points are
given by the equation δE − αδM = 0 for the first-order
variations, where α is the Lagrange multiplier associated
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with the constraint of fixed mass [37]. From Eq.(137)
this yields∫
d~r
[
δρ
~v 2
2
+ ρ~v · δ~v + δρ(Φ + ΦI)− αδρ
]
= 0. (169)
This must hold for any δ~v, hence ~v = 0, and any δρ,
hence Φ + ΦI = α. Thus, we recover the hydrostatic
equilibrium (145), and the Lagrange multiplier α is given
by the integration constant of Eq.(145).
The second variation of the total energy (137) reads
δ2E =
∫
d~r
[
ρ
δ~v 2
2
+
1
2
δρ δΦ+
1
2
Φ′I δρ
2
]
. (170)
Therefore, the hydrostatic equilibrium (145) is stable if
δ2E(δρ) =
1
2
∫
d~r
[
δρ δΦ+ Φ′I δρ
2
]
> 0, (171)
for all perturbations δρ that conserve the total mass,∫
d~r δρ = 0. This is identical to Chandrasekhar’s varia-
tional principle for barotropic fluids [65].
This condition greatly simplifies for the quartic model,
where the energy (137) is a quadratic functional of the
density and the second variation δ2E does not depend on
the equilibrium profile. Using Φ′I = 1/ρa from Eq.(130)
and the Poisson equation, ∇2rδΦ = 4πGδρ, we obtain
δ2E(δρ) =
1
2ρa
∫
d~r
[
1
r2a
δρ · ∇−2r · δρ+ δρ2
]
> 0,
(172)
where the characteristic radius ra was defined in
Eq.(151). Defining the Fourier space normalization as
δρ(~r) =
∫
d~q ei~q·~rδρ(~q), this also reads as
δ2E =
(2π)3
2ρa
∫
d~q |δρ(~q)|2
[
1− 1
(qra)2
]
. (173)
We can see that large-scale wave numbers q < r−1a are
unstable. Thus, we recover the Jeans length rJ obtained
in Eq.(132) for perturbations with respect to the uniform
cosmological background. This is because for the quartic
model the energy is a quadratic functional of the den-
sity and the second variation (173) does not depend on
the background profile, whether it is the homogeneous
cosmological background or the finite-size soliton in vac-
uum.
However, whereas plane waves can describe perturba-
tions of the cosmological background, they are not ap-
propriate for the stability of the soliton profile (158),
because they extend over all space. For the study of
the isolated soliton, which is a compact object of finite
radius Rs = πra within vacuum, physical perturbations
correspond to continuous local matter redistributions and
velocity fluctuations. They conserve mass and do not ex-
tend far beyond the halo radius (matter is not created in
a discontinuous manner far from the object and needs to
be transported from radius Rs in a continuous manner).
Therefore, to ensure dynamical stability, it is sufficient
to show that the second variation (172) is strictly posi-
tive for all perturbations δρ that conserve mass and are
restricted to a finite radius R, such that R > Rs. If such
a radius R can be found and is strictly greater than Rs,
this implies that all local perturbations, including small
increases of the halo radius, are taken into account. The
positivity of the symmetric quadratic form (172), where∫
d~r δρ · ∇−2r · δρ = −
∫
d~rd~r
′
δρ(~r)δρ(~r
′
)/(4π|~r − ~r ′ |),
means that all eigenvalues λ of the associated eigenvec-
tor problem are strictly positive,
1
r2a
∇−2r δρ+ δρ = λ δρ, λ > 0. (174)
Taking the Laplacian of this equation we obtain the
Helmholtz equation
∇2rδρ = −µ δρ, µ =
1
(1− λ)r2a
, (175)
with the stability criterion
unstable iff 0 ≤ µ ≤ 1
r2a
. (176)
The eigenfunctions of Eq.(175) that are finite at the ori-
gin and vanish at some finite radius are the usual spher-
ical harmonic eigenfunctions of the Laplacian,
δρ(~r) = jℓ(
√
µr)Y mℓ (θ, ϕ), µ > 0. (177)
Let us first consider the case ℓ ≥ 1. These eigenfunc-
tions automatically conserve mass,
∫
d~r δρ = 0, through
the integration over angles. As we consider perturbations
within a radius R, the boundary condition that sets the
discrete values of µ is δρ(R) = 0. This gives the eigen-
values
ℓ ≥ 1 : µ(ℓ)n =
(
x
(ℓ+1/2)
n
R
)2
, n = 1, 2, 3, . . . , (178)
where x
(ν)
n is the n-th strictly positive zero of the Bessel
function of the first kind Jν . From Eq.(176), stability is
ensured if µ
(ℓ)
n > 1/r2a for all ℓ and n. The smallest value
corresponds to ℓ = 1 and n = 1, which gives the stability
criterion
stable iff
x
(3/2)
1
R
>
1
ra
. (179)
Let us now consider the case ℓ = 0. We now take for
boundary condition δM(R) = 0, to ensure that mass is
conserved within the radius R. For δρ(~r) ∝ j0(√µr) we
obtain δM(R) ∝ (√µR)3/2J3/2(√µR). This yields the
eigenvalues
ℓ = 0 : µ(0)n =
(
x
(3/2)
n
R
)2
, n = 1, 2, 3, ..., (180)
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and we obtain the same stability criterion as in Eq.(179).
Thus, the soliton profile is stable with respect to per-
turbations within radius R, provided R < x
(3/2)
1 ra. We
have x
(3/2)
1 ≃ 4.493, therefore we can choose for instance
R = 4.4 ra. This is strictly greater than the soliton radius
Rs = πra of Eq.(159). Hence we conclude that the soliton
profile (158) is dynamically stable. As the energy (137) is
truly a quadratic functional of the density, this goes be-
yond linear perturbations and the soliton is nonlinearly
stable with respect to finite perturbations, provided they
correspond to finite density changes and are restricted
within radius R. Of course, up to factors of order unity,
we recover the result of the Fourier analysis (173), that
the system is stable with respect to small-scale perturba-
tions, of wavelength below 2πra for the Fourier analysis,
and of radius below x
(3/2)
1 ra for the local analysis. The
latter analysis provides a more accurate and appropriate
criterion for the case of the isolated soliton.
In the case of the cosine model described in section VG
the analysis is more intricate. In particular, because
no solitons exist with central density beyond the critical
value ρmax = pmaxρb, we can expect new behaviors and
nonlinear instabilities for equilibria close to this thresh-
old. On the other hand, for low-density equilibria, where
we recover the quartic model, we should also recover dy-
namical stability as well as nonlinear stability, within a
radius R greater than the soliton radius, but for density
perturbations that remain below the threshold ρmax.
VI. COSMOLOGICAL HALOS
Numerical simulations of fuzzy dark matter models
[19, 66–68], without self-interactions but a non-negligible
quantum pressure on galactic scales, show that the cos-
mic web develops as in the standard CDM scenario, al-
though galaxy formation can be delayed. However, inside
galaxies solitonic cores form, surrounded by extended ha-
los of fluctuating density granules with a spherically av-
eraged density profile that matches the NFW profile [69]
observed in numerical simulations of standard collision-
less dark matter.
The case of strong attractive self-interactions and weak
gravity has also been studied in numerical simulations
[70, 71]. Then, solitons are governed by the balance
between the quantum pressure and the attractive self-
interactions and the numerical simulations find a rich
dynamics with formation, mergers and scatterings of the
solitons. At late times, only stable solitons survive.
The regime we study in this paper is different from
those works, as we consider repulsive self-interactions,
which are weak on large scales, and negligible quantum
pressure, so that our solitons arise from the balance be-
tween the repulsive self-interactions and gravity. How-
ever, we also expect solitons to form and merge inside ha-
los generated by gravitational collapse and stable config-
urations to survive, while the outer regions should again
follow the standard NFW profile. The case of solitonic
cores inside isothermal halos was considered in the recent
analytical work [72], which appeared during completion
of this paper. Here we do not assume thermodynamical
equilibrium within an isothermal halo and build a simple
matching to the outer NFW halo.
A. The quartic model
We now consider the profiles of cosmological halos,
embedded in the cosmic web. We focus on the quartic
model, where ΦI = ρ/ρa, described in section VE above,
which we normalize by
ρa = 10
12ρ¯0, ra = 4.3 h
−1kpc, (181)
to make sure that Φ¯I ≪ 1 until the matter-radiation
equality. For λ4 ∼ 1 this corresponds to m ∼ 1 eV. This
model applies to either a quartic model with a potential
term or a K-essence theory with a quartic correction to
the kinetic terms.
At low redshifts, the size of cosmological halos such
as clusters of galaxies is much greater than ra, and the
dark matter force FI = −∇ΦI associated with the self-
interactions is negligible. Therefore, at large radii we
can expect to recover the usual NFW density profiles.
There, gravity is balanced by the velocity dispersion and
orbital angular momentum of the dark matter. At small
radii, the Newtonian gravitational potential typically de-
creases as Φ ∝ ρr2 ∝ r, while the self-interaction po-
tential increases as ΦI ∝ ρ ∝ r−1. Therefore, below a
radius that is mainly set by ra, the new dark matter self-
interaction becomes important and can no longer be ne-
glected. In this regime, we expect the profile to follow the
soliton solution (158), where gravity is balanced by the
self-interaction as in Eq.(144). This expectation is moti-
vated by the fact that the soliton profiles are dynamically
and nonlinearly stable as seen in section VH. However,
numerical simulations are required to check that these
equilibria can be reached in the context of the virialized
halos that arise from the cosmic web.
To estimate the impact of the self-interactions on the
halo profiles, we adopt the simple following model. On
large radii, r > R⋆, we follow the standard NFW profile,
R⋆ < r < R : ρ(r) =
ρs
r
rs
(
1 + rrs
)2 (182)
up to the halo radius R, with a concentration parameter
c = R/rs from Λ-CDM simulations [73], and a density
contrast of 200 within radius R with respect to the crit-
ical density ρc(z). We define the transition radius R⋆ as
the radius where FI = −FN, where FN = −GM/r2 is
the Newtonian gravitational force. At lower radius, we
switch to the soliton profile (158),
r < R⋆ : ρ(r) = ρ(0)
sin(r/ra)
r/ra
. (183)
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FIG. 4: Dark matter halo profiles at redshift z = 0 for ha-
los of mass M = 1014, 1012, and 1010h−1M⊙. Upper panel:
dark matter density ρ in units of the critical density ρc. Mid-
dle panel: circular velocity v. Lower panel: Newtonian force
−FN and dark-matter force FI (lines with squares), in units
of (km/s)2/kpc.
From Eq.(144), in the soliton regime we have FI = −FN
at all radii r < R⋆. The normalization ρ(0) is set by
the conservation of matter: the mass associated with the
soliton profile up to R⋆ is equal to the mass that would
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FIG. 5: Dark matter halo density profiles at redshifts z = 3
(upper panel) and z = 6 (lower panel).
have been associated with the NFW profile below R⋆,
M(< R⋆) = ρ(0)4πr
3
a
[
sin
(
R⋆
ra
)
− R⋆
ra
cos
(
R⋆
ra
)]
= ρs4πr
3
s
[
ln
(
1 +
R⋆
rs
)
− R⋆/rs
1 +R⋆/rs
]
. (184)
In other words, we assume that below R⋆, where the dark
matter self-interaction is important, the mass is redis-
tributed to converge to the static soliton solution (144),
where gravity is balanced by the interactions instead of
the velocity dispersion or rotation. The density ρ and
the self-interaction potential ΦI are discontinuous at the
transition R⋆ in this simplified treatment, because the
support provided by the velocity dispersion or rotational
velocity in the NFW regime is abruptly set to zero in the
soliton regime. However, the mass and both the Newto-
nian and dark-matter forces are continuous.
We show our results at z = 0 in Fig. 4. As expected,
we can see that R⋆ is of order ra. Beyond R⋆ the self-
interaction force FI shows a fast decrease, following the
dark matter density ρ. Below R⋆, the soliton profile
mainly gives a flat core, defined by the scale R⋆ (mainly
set by ra) and its total mass M(R⋆). Because of this
flat density core, the circular velocity v =
√
GM(r)/r
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FIG. 6: Mass ratio M⋆/M of the solitonic core to the total
halo mass M at redshifts z = 0, z = 3 and z = 6.
decreases as r in the central region. However, on these
small radii baryons are typically more concentrated than
dark matter and can have a non-negligible impact on
their velocity profile. Although we expect these main
characteristics to be robust, i.e. a flat core below ra, the
details of the transition between the NFW and soliton
regimes should be studied with numerical simulations.
We show the density profiles at z = 3 and z = 6 in
Fig. 5. We can see that for masses below 1010h−1M⊙
the soliton extends over the whole halo. This could leave
a signature on weak lensing at high z. On the other hand,
we can expect gas cooling to allow the gas to fall within
the potential wells and to form small galaxies as in the
standard Λ-CDM scenario, although with slightly differ-
ent properties that could be investigated with numerical
simulations.
We show the ratio of the solitonic core to the total halo
mass in Fig. 6. In agreement with Figs. 4 and 5, it de-
creases with M and the solitonic core becomes negligible
in terms of relative mass for M > 1012h−1M⊙. To un-
derstand the slope of this relation M⋆/M , let us simplify
the problem and consider that the solitonic core is em-
bedded in a power-law halo profile, instead of the NFW
profile,
R⋆ < r < R : ρ(r) ∝ r−α, M(< r) =
( r
R
)3−α
M.
(185)
Then, approximating the solitonic core R⋆ as a constant,
in agreement with Eq.(159) and Fig. 4, and using the
hypothesis of mass conservation within R⋆ as in Eq.(184),
M⋆ =M(< R⋆), we obtain
M⋆
M
=
(
R⋆
R
)3−α
∝M (α−3)/3. (186)
Here we used that halos are defined by a constant den-
sity contrast at radius R, and hence M ∝ R3. For an
isothermal halo, which corresponds to α = 2, we ob-
tain M⋆M ∝ M−1/3. This agrees with the result obtained
by [72], which appeared during completion of this paper,
where the author considers thermodynamical equilibrium
of a solitonic core inside an isothermal halo of tempera-
ture T . This can also be understood from the continuity
of the Newtonian potential Φ and the fact that in the
isothermal halo the circular velocity vc is constant and
Φ(r) ∝ ln(r), so that Φ⋆ ≃ Φ(R) up to logarithmic cor-
rections, and vc(R⋆) = vc(R). However, in the central
parts of NFW halos we have α = 1. Then, Eq.(186) gives
the steeper slope M⋆M ∝ M−2/3, which roughly agrees
with the large mass slope obtained in Fig. 6. Thus, our
hypothesis of local relaxation within the radius R⋆ leads
to a strong dependence of the mass ratio M⋆/M on the
slope of the halo profile. It may happen that the relax-
ation process is instead a global phenomenon that in-
volves a redistribution of mass over the full halo extent,
up to radius R. This more efficient relaxation could then
make M⋆/M independent of the initial halo profile. It
would be interesting to study this point with numerical
simulations, to obtain the slope of the relation M⋆/M
and to check the extent of the relaxation process.
B. The cosine model
We now consider the case of a cosine scalar-field po-
tential, described in section VG, which we normalize by
ρa = 10
13ρ¯0, ρb = 10
5ρ¯0, (187)
This implies that ΦI < 10
−7 for all densities. This also
ensures that VI(φ) ≪ ρ at all redshifts and the scalar
field φ always behaves as pressureless dark matter at the
background level.
We follow the same prescription as for the quartic
model. On large radii, where the dark matter force
FI is small, we follow the NFW density profile, while
on small radii we follow the soliton profile determined
by Eq.(168). We again set the transition radius R⋆ as
that where FI = −FN, and we ensure mass conservation
within radius R. Within the soliton regime, we obtain at
once from Eq.(144)
r ≤ R⋆ : dΦI
dr
= −dΦ
dr
= −GM(r)
r2
. (188)
Therefore, the soliton profile is defined by Eq.(168) with
the two boundary conditions dΦI/dr = 0 at r = 0 and
dΦI/dr = −GM(R⋆)/R2⋆ at r = R⋆.
In massive halos, we find that no smooth soliton profile
exists with these boundary conditions. Then, the NFW
profile extends down to the center of the halo and there
is no solitonic core. In the NFW regime, the dark matter
force reads from Eq.(73) as
r ≥ R⋆ : FI = 8ρb
ρar
J2(
√
ρ/ρb)
1 + 3r/rs
1 + r/rs
. (189)
Since ρ ∝ r−1 at small radii in the NFW profile, we have
FI ∼ r−3/4 cos(r−1/2), which grows to infinity with an in-
finite number of changes of sign, whereas the Newtonian
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2/kpc. Lower right panel: Newtonian potential Φ and
dark-matter potential ΦI (lines with squares).
force goes to a constant. On the other hand, the self-
interaction potential behaves as ΦI ∼ 1+ r3/4 cos(r−1/2).
Thus, in the massive halos the large and oscillating dark
matter force is due to the fast oscillations of the dark
matter potential ΦI, but the magnitude of the latter re-
mains small and goes to zero at the center. Therefore,
the large value of FI has no strong effect on the dynamics,
as particles move through the potential well at constant
energy E with E = v2/2 + Φ + ΦI, and ΦI only induces
small and fast oscillations of their velocity v. Then, we
expect to recover the NFW profile down to the center of
these massive halos.
We show our results at z = 0 in Fig. 7. We can see that
for massive halos, M & 1012h−1M⊙, there is no solitonic
core and we follow the NFW density profile down to the
center. This is most clearly seen in the case of the most
massive case, M = 1014h−1M⊙. We can see in the lower
right panel that the self-interaction potential converges
at small radii to a value that is 100 times smaller than
the Newtonian potential and should have no effect on the
dynamics. On the other hand, the small oscillations of ΦI
around its asymptotic value give rise to the first change
of sign of FI at r ≃ 1.5h−1kpc in the lower left panel.
In contrast, for the low-mass case, M = 1010h−1M⊙,
we have a solitonic core as for the quartic model pre-
sented in section VIA. Indeed, the density remains be-
low the threshold ρmax ≃ 2.6× 106ρ¯0 down to the center
and the self-interaction potential is well described by its
low-density regime, ΦI ≃ ρ/ρa, which is identical to the
quartic model.
We show the density profiles at z = 3 and z = 6 in
Fig. 8. We can see that again a solitonic core only de-
velops for the low-mass halos, M . 1010h−1M⊙. For
M = 1010h−1M⊙ the soliton core is smaller than for
the quartic model shown in Fig. 5. However, for smaller
masses, M . 108h−1M⊙, the soliton would again extend
over the full halo.
We show the ratio of the solitonic core to the total
halo mass in Fig. 9. It decreases with M , as for the
quartic model, but with a smaller ratio at fixed mass
and redshift. The solitonic core now becomes negligible
in terms of relative mass for M > 1011h−1M⊙ and it
actually disappears beyond a finite halo mass. This mass
threshold decreases at higher redshifts.
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VII. CONCLUSION
In this work, we have studied coherent DM scalar mod-
els provided by a self-interaction that is able to impact
the structures on galactic scales. This effect is produced
not only by non-derivative self-interactions, but also by
derivative terms. At low energies, these models also be-
have as typical DM but with a deviation provided by
the new terms. In particular, the derivative interactions
are well motivated for light scalar fields associated with
pseudo-Goldstone models. We have shown that the non-
relativistic limit of such scalar models admits an effective
description as a hydrodynamic fluid governed not only
by quantum pressure but also by a new potential term
in the Euler equation. This potential takes into account
both the derivative and non-derivative self-interactions,
in the regime where they are subleading with respect to
the canonical free term.
We have studied in detail models with masses much
higher than 10−21 eV, where we can neglect the quantum
pressure with respect to the self-interactions on galac-
tic scales. In fuzzy dark matter scenarios, the quantum
pressure prevents or delays the gravitational collapse of
small scales below the Jeans length. This allows one to
constrain these models through Lyman-α statistics [74],
which probe the matter power spectrum at redshift z ∼ 3
and scales of order 1 h−1Mpc. In these models of fuzzy
dark matter, the quantum pressure plays a crucial role.
In our case, the repulsive self-interaction plays a similar
role to the quantum pressure and also leads to a non-
negligible Jeans length.
In the repulsive Landau-Ginzburg models that we con-
sider, whose best example is a canonical massive field
with a (∂φ)4 interaction, we find that cores of virialized
structures of sizes several kpc’s exist. In these cases,
as the Jean’s length is of the same order of magnitude,
the Lyman-α statistics may also constrain these scenar-
ios and the amplitude of the self-interactions. This is
left for future works. We also consider the case of a
cosine self-interaction, as an example of bounded non-
polynomial self-interaction. This gives similar results in
low-mass and low-density halos whereas solitonic cores
are shown to be absent in massive halos. In addition,
this helps to lessen cosmological constraints associated
with the BBN and the radiation era, as the upper bound
on the potential ensures that the scalar field energy den-
sity is negligible at high redshifts before matter-radiation
equality.
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Appendix A: Weak gravity
1. Einstein-Hilbert action
Up to quadratic order over the metric potentials Φ and
Ψ, the Einstein-Hilbert action reads
SEH =M
2
Pl
∫
d4x a3
[
6H2 + 3H˙ + 3H2Φ− 9H2Ψ
−6H˙Ψ− 9
2
H2Φ2 − 9H2ΦΨ+ 9
2
H2Ψ2 + 3H˙Ψ2
−6HΦΨ˙− 3Ψ˙2 + a−2 (−2∇Ψ · ∇Φ+ (∇Ψ)2)] ,(A1)
while the Einstein tensor Gµν writes, up to linear order
over Φ and Ψ,
G00 = −3H2 + 6H2Φ + 6HΨ˙− 2a−2∇2Ψ, (A2)
G0i = −2∂i(HΦ+ Ψ˙), (A3)
Gij = δ
i
j
[
−3H2 − 2H˙ + 2Ψ¨ + 6HΨ˙ + 2HΦ˙
+(6H2 + 4H˙)Φ + a−2∇2(Φ−Ψ)
]
+ a−2∂i∂j(Ψ − Φ).
(A4)
2. Complex scalar field ψ
Substituting the expression (32) into the scalar-field
action (39) gives
Sφ =
∫
d4x a3
{
e−2imt
[
1− Φ− 3Ψ
4m
(ψ˙2 − 2imψ˙ψ)
−1 + Φ−Ψ
4ma2
(∇ψ)2 − 1− 3Ψ
2
mψ2
]
+ e2imt[c.c.]
+
1− Φ− 3Ψ
2m
(ψ˙ψ˙⋆ + imψ˙ψ⋆ − imψψ˙⋆)
−1 + Φ−Ψ
2ma2
(∇ψ) · (∇ψ⋆)−mΦψψ⋆ +KI(X)− VI(φ)
}
(A5)
where the bracket associated with e2imt is the complex
conjugate of the first bracket associated with e−2imt.
3. Fluid picture (ρ, S)
Substituting the expression (34) into the action (A5)
gives
Sφ =
∫
d4x a3
{
e−2imt+2iS
[
1− Φ− 3Ψ
4m2
(
ρ˙2
4ρ
− ρS˙2
+iρ˙S˙ − imρ˙+ 2mρS˙
)
−1 + Φ−Ψ
4m2a2
(
(∇ρ)2
4ρ
− ρ(∇S)2
+i∇ρ · ∇S
)
−1− 3Ψ
2
ρ
]
+e2imt−2iS [c.c.]
+
1− Φ− 3Ψ
2m2
(
ρ˙2
4ρ
+ ρS˙2 − 2mρS˙
)
−1 + Φ−Ψ
2m2a2
(
(∇ρ)2
4ρ
+ ρ(∇S)2
)
−ρΦ+KI(φ)− VI(φ)
}
(A6)
where the bracket associated with e2imt−2iS is the
complex conjugate of the first bracket associated with
e−2imt+2iS .
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